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Abstract 



This paper concerns some stability properties of higher dimensional 
catenoids in K™ +1 with n > 3. We prove that higher dimensional 
catenoids have index one. We use 5-stablity for minimal hypersur- 
faces and show that the catenoid is —stable and a complete —stable 
J> ■ minimal hypersurface is a catenoid or a hyperplane provided the sec- 

ond fundamental form satisfies some decay conditions. 
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^ ■ 1 Introduction 

The catenoid in K 3 is the only minimal surface of revolution other than the 
plane. So it can be regarded as the simplest minimal surface other than the 
plane. This motivates us to study higher dimensional catenoids as complete 
minimal hypersurfaces in higher dimensional Euclidean spaces M ra+1 , n > 3. 
In particular, we want to discuss some stability properties of the catenoids. 
Let us recall and introduce some notions of stability. 

Let M n be a minimal hypersurface in IR n+1 . M is said to be stable if 



/ (|V/| 2 -|A| 2 / 2 ) >0 (1.1) 

J M 
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for all / G Cq°(M), where \A\ is the norm of the second fundamental form 
of M. M is said to be weakly stable if flU) is true for all / G C£°(M) with 
Jm f = ^' see [CCZ]. Recall that in |CMj it is defined that M is 5-stable if 



for all / G C °°(M). 

It is easy to see that M is stable implies that M is weakly stable and 
8 stable when 5 > 0. If M is a minimal surface in R 3 , then M is always 
(5-stable. By |FS] , M is stable if and only if it there is a positive solution u of 
(A + |A| 2 )w = 0. Hence M is stable implies that the universal cover of M is 
stable. Similarly, M is 5-stable implies that the universal cover of M is also 
5-stable. However, this is not true for weakly stable minimal hypersurface. 

In R 3 , the catenoid is not stable by |Lnj . In R n+1 (n > 3), it is proved in 
[CSZ] that a complete stable minimal hypersurface must have only one end. 
So a catenoid in R n+1 (n > 3) is not stable since it has two ends. In fact, it is 
not even weakly stable (see [UCZJ). It is an interesting question to find the 
index of catenoids, which measures the degree of instability. Using the Gauss 
map, it was proved in [Fc, p. 131-132] that catenoids in R 3 have index 1. It 
is known that a complete minimal surface in R 3 has finite index if and only 
if it has finite total curvature, see [Fcj . In [5c], Schoen proved that the only 
complete nonflat embedded minimal surfaces in R 3 with finite total curvature 
and with two ends are the catenoids. It was also proved in [LR J that only 
index one complete minimal surfaces are the catenoid and Enneper surface 
and catenoid is the only embedded minimal surface with index 1. Although it 
has been believed that a higher dimensional catenoid also has index one, we 
have not found a reference for a proof. The idea of using Gauss map in [Fcj 
does not work for higher dimension. In this work, using a different method 
we prove that the index of higher dimensional cateniod is indeed one, see 
Theorem 12.11 We would like to point out Choe [Ch] has constructed higher 
dimensional Enneper's hypersurfaces in R n+1 when n = 3,4,5,6. Different 
from the catenoid, we don't even know whether it is of finite index. 

It is well known that for 2 < n < 6, a complete area minimizing hyper- 
surface in R™ +1 must be a hyperplane. It is well known by a result of do 
Carmo-Peng [dCPl] and Fischer-Colbrie-Schoen |FS] independently that a 
complete stable minimal surface in R 3 is a plane. On the other hand, for 
3 < n < 6 it is still an open question whether the condition of area minimiz- 
ing can be replaced by stability. In this direction, it was proved in [dCP2j (see 




(1.2) 
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also |dCD] ) that a complete stable minimal hypersurface in M n+1 is indeed a 
hyperplane under some additional assumptions, for example: the norm of the 
second fundamental form is square integrable. We will prove a similar result 
for catenoids which states that a complete ^-stable minimal hypersurface in 
M. n+l with n > 3 is a catenoid if the norm of the second fundamental form 
satisfies certain decay conditions. See Theorem 14. 11 As a corollary to this, 
we show that if a --stable complete proper immersed minimal hypersurface 
M n in M n+1 with n > 3 has least area outside a compact set, and if the 
norm of the second fundamental form is square integrable then M is either 
a hyperplane or a catenoid. 

The paper is organized as follows: in §2, we introduce the definition and 
discuss some general properties of catenoids in higher dimensional Euclidean 
spaces. We will also prove that catenoids have index one. In §3, we use the 
Simons' computation and the result in [dCDj to give a characterization of 
catenoids. In §4, we will discuss --stability and catenoids. 

Acknowledgements. The second author would like to thank Bill Meeks, 
Harold Rosenberg and Rick Schoen for some discussions during the 14th 
Brazilian geometry school in Salvador, Brazil, 2006. We want to thank Rick 
Schoen for encouragements to work for an index-one proof for the higher 
dimensional catenoid. 



2 Catenoid and its index 

In this section, we will recall the definition of catenoid, show that it is -- 
stable and compute its index. Following do Carmo and Dajczer [dCDj . a 
catenoid is a complete rotation minimal hypersurface in R n+1 , n > 2 which 
is not a hyperplane. More precisely, let 0(s) be the solution of 

n-l _ n. 
"3 : ^7T — u i 



(l+0' 2 )2 0(l+fli' 2 )2 

0(0) = 0o > 0; (2-1) 



0'(O) = 0. 
can be obtained as follows. Consider 

dr 



</>o 



( ar 2(n-l) _ ^ 



(2.2) 



where a = (fi 2(n ^ . The integral in the right side of f)2.2p is defined for all 
<P > 0o- The function s(<p) is increasing and if n = 2, it maps [<po, oo) onto 
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[0, oo); if n > 3, then it maps [<p , oo) onto [0, S) where 

f + °° dr 

S = S(6 Q ) = / r < oo. 

V ; J 4,0 (ar 2 ^- 1 ) -1)3 

So <f)(s) can be defined, and it is smooth up to such that <f>'(0) = 0. If we 
extend (f) as an even function, then <fi is smooth and satisfies (12.1 j) on R in 
case n = 2 and on (— S, S) in case n > 3. 

Let S n_1 be the standard unit sphere in M n . A point co> G S™^ 1 can also 
be considered as the unit vector uj in R n which in turn is identified as the 
hyperplane x n +i — in IR n+1 . 

Definition 2.1 A catenoid in M. n+l is the hypersurface defined by the em- 
bedding: 

F : I x S"- 1 -> R n+1 

with F(s,u) = (<fi(s)uj , s) , where I = WL if n = 2 and I = (— S(<po), S((f>o)) if 
n > 3, and (f) is the solution of $2.1\) . 

A hypersurface obtained by a rigid motion of the hypersurface in the defini- 
tion will also called a catenoid. In case n = 2, this is the standard catenoid 
in IR 3 . From now on, we are interested in the case that n > 3. 

Proposition 2.1 Let M be a catenoid in R n+1 as in Definition \2. 1\ n > 3. 
We have: 

(i) M is complete. 

(it) The principal curvatures are Ai = — r, Ao = • • • = A n = — r - 

(i+0' 2 )^ 4>(i+cf>' 2 )? 

(Hi) M is minimal. 

(iv) The norm \ A\ of the second fundamental form A of M is nowhere zero. 
Moreover, \A\ satisfies 

\A\&\A\ + \A\ A = -\V\A\\ 2 . (2.3) 
n 

(v) M is symmetric with respect to the hyperplane x n+ \ = and is invariant 
under 0(ri) which is the subgroup of orthogonal transformations on 
]R n+1 which fix the x n+ i axis. 
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(vi) The part {x G M\ x n+ i > 0} and the part {x G M\ x n+ \ < 0} are 
graphs over a subset of {x n+ i = 0}. 

(vii) Let P be a hyperplane containing the x n j t \ axis. Then P divides M 
into two parts, each is a graph over P. 

Proof : (i), (v), (vi) and (vii) are immediate consequences of the definition. 
Let N = ^-t-(o;, —</>'). Here and below ' and " are derivatives with respect 

to s. Then N is the unit normal of M. Let D be the covariant derivative 
operator in Then 



Da_N 

ds 







(l + < j/ 2 )V T (1 + 0' 2 )I ds' 

Suppose (ti, . . . ,t n -i) are local coordinates of § n_1 , then 



DjlN = - , , , , 
dt ' (l + /2 )5 dt 



1 ,d 
r(»rM) 



^^^^ ^l + ^df- 



From these (ii) follows. 

(iii) follows from (ii) and (12. ip . 

(iv) First note that (I2.2p implies 0' = (acf) 2 ^ 1 " 1 — 1)2, then, 

2 = n(n-l) 

' ' 2 (l + 0' 2 ) (2.4) 

= n(n - l^'V 2 "- 

Hence \A\ > everywhere because > 0o > 0. On the other hand, the 
metric on M in the coordinates s, u> is given by 

g = (1 + 4>' 2 )ds 2 + 2 5S n-l (2.5) 

where g§n-i is the standard metric on § n_1 . Then 



,/2\_l ,// 



A(j)= (l + 0'")->"4 

= (1 + 0' 2 )-V" 



(1 + 0' 



/2n-1 



0' + (l + 



i/2N— 1 // 



log (1 



2(1 + 
|V0| 2 



0" + (1 + 



i/2\ — 1 // 



1 + 



«2 



+ 



(n - 1)0' 



(1 + 0' 
(n-1) 



1 * + 



0(1 + r) 



(2.6) 



where V is the covariant derivative of M and we have used (12.11) . (12.31) follows 
from (12 .4p and (12. 6p by a direct computation. □ 

By (iv) of the Proposition, we see that 

A\A\— + LA 2 L4 \— = 

n 

and |v4| : ^ > 0. Hence the catenoid is ^-stable by |Fcj . 

Theorem 2.1 Let M be a catenoid in M n+1 . Then index of M is 1. 

Proof : It is well known that M is not stable. One can also use the result 
of Cao, Shen and Zhu[CSZj. They proved that any complete stable minimal 
hypersurfaces in W n+1 has only one end, since the catenoid has two ends, 
thus the index of M is at least 1. We only need to prove that its index is at 
most 1. Recall that the stability operator is written as 

L = A + |A| 2 . 

For M above | v4| 2 (a:) is an even function depending only on r. From the 
fact that M is unstable it follows that Ai(L) < 0. we now show that the 
second eigenvalue A^(L) > of L on any bounded domain D C M. Assume 
for the sake of contradiction that it were not true, we can find a domain 
D(R) = (-R, R) x S™- 1 such that \? {R) (L) < 0. Here < R < S and 
S = S(4>o) is as in Definition 12.11 That is to say that there is a function / 
satisfying 

' Lf = -A 2 /, in D(R); (2 ?) 

f\dD(R) = 0. 

We claim that / depends only on r. For any unit vector v G § n , and v _L 
(1, 0, • • • ,0), denote by 7r v the hyperplane 

{pe R n+1 ,(p,v} = 0}. 

Let o~ v be the reflection with respect to tt v . Define function (p v (r, 9) = f(r, 6) — 
f v {r,9) where f v {p) := f{o~ v (p)) for any p £ D(R). Since 

A/M) = f| + ^§f+ 1 W , (2.8) 
or z a{r) or a z {r) 
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f v also satisfies (12. 8p . Then 



( Pv\D(R)n%v = 



in D(R); 



(2.9) 



0. 



Denote 



D+(R) :={peW^ 1 ,(p,v)>0}. 



Then D+(R) is a minimal graph over a domain in 7r„ thus is stable. From 
(12.91) and A2 < 0, we conclude that tp v = 0. It is a well-known fact that any 
element in orthogonal group 0(n — 1) can be expressed as a composition of 
finite number of reflections, we know that / is rotationally symmetric. 

Since / is the second eigenfunction of L, it changes sign, so there exists a 
number r G (-R, R) such that f(r ) = 0. Assume without loss of generality 
that r > 0. We take D(r ,R) := {p = (r, 9) G D(R),r G (r ,R)}. Again 
/ is an eigenfunction of L on D(r ,R). Again we know that D{r$,R) is a 
minimal graph which contradicts the fact that A2 < because / cannot be 
identically zero in D(r , R). The contradiction shows the index of M is l.D 

3 Simons' equation and catenoid 

By Proposition 12.11 the norm of the second fundamental of a catenoid is 
nowhere zero and satisfies (I2.3p . In this section, we will prove that a complete 
non flat minimal hypersurface in IR n+1 satisfying (12.31) must be a catenoid. 
Let us recall the Simons' computation on the second fundamental form of a 
minimal hypersurface in Euclidean space. 

Let M be an n-dimensional manifold immersed in M n+1 . Let A be its 
second fundamental form and VA be its covariant derivative. Let hij and 
hijk be the components of A and VA in an orthonormal frame. 

By Proposition I2.1( iv). we see that Simons inequality becomes equality 
for catenoids. We will prove that the converse is also true. We first prove a 
lemma. 

Lemma 3.1 Let M be an immersed oriented minimal hypersurface in M. n+1 . 
At a point where the norm of the second fundamental form \ A\ > 0, we have 



A\A\A\ + \A\ 4 = -\V\A\\ 2 + E. 



(3.1) 



7 



with E > 0. Moreover, in an orthonormal frame such that hij = XiSy, 
then E = E\ + E 2 + E%, where 



h 2 



E 3 = (1 + |)|A|" 2 J2k T,i&(huh jjk - hjjhuk) 



(3.2) 



Proof : At a point p where \A\ > 0, choose an orthonormal frame such that 
h i:j = XiSij. Since M is minimal, then by [SSYl (1.20), (1.27)], for \A\ > we 
have: 



\A\/\\A\ + \A\'= ^-|V|A|r 

i,j,k=l 



(3.3) 



Now, 



k i 



k i 



(52 h « 52 ^ ~ 52 52( hiih H k ~ h n h Hkf 
i k ij^j 



\A\- 2 (3.4) 



''iik 1 



where we have used the fact that M is minimal. On the other hand, 

52 = 52 ~*~ 52 ^ u 

kj^i i 



k 1 



"3 



k^i 



i j^i 



52^+52 

kj^i i 



(n 



jji / j ykki lb jji. 



^52 h %- 52 ( h 

3+i 3^hk^i,k^j 

— n hj ik - {h kki - hjji) 2 

ky^i jj^i,ky^i,ky^j 

Combining this with 



(3.5) 



k^i 



2 

iik 
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\V\A\\ 2 + ( ^2{h u h jjk - h j:j huk) 2 I \A\- 2 + ( h ™ ~ h 

vfij / j^i,k^i,k^j 

(3.6) 



33' 
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Note that since M. n+1 is flat, we have = h^j, (see |SSY} (1.13)] for 
example). By (13. 4p . 

IX*-ivwi a 

jj^i,kj^i,kj^j i^-k iy^k ij^k i 

= E ^ + 2£^ + £/4-MA|| 2 

jj^i,k^i,kj^j ij^k i,k 

j^i,k^i,k^j i^k / 

(3.7) 

(I3TTD follows from 0, JSTB]) and <|5?7|> . □ 

Since are nonnegative, we have the following Simons inequality, see 
[55Y] : 

|A|A|A| + |A| 4 > -|V|A|| 2 (3.8) 

n 

at the point \A\ > 0. 

Now we are ready to prove the following: 

Theorem 3.1 Let M n (n > 3) be a non-flat complete immersed minimal 
hypersurface in R n+1 . If the Simons inequality A3.8\) holds as an equation on 
all nonvanishing point of \A\ in M , then M must be a catenoid. 

Proof : Suppose $ : M — > R n+1 is the minimal immersion. Since M is not 
a hyperplane, then \A\ is a nonnegative continuous function which does not 
vanish identically. Let p be a point such that |-A|(p) > 0. Then \A\ > in a 
connected open set U containing p. Suppose that |V|A|| = in U, then \A\ 
is a positive constant in U. Since \A\ satisfies: 

\A\A\A\ + \A\ 4 = -\V\A\\ 2 
n 

we have a contradiction. Hence there is a point in U such that |V|^4|| ^ 0. 
By shrinking U, we may assume that \A\ > and |V|A|| > in U. By (13.11) 
and the fact that (13.81) is an equality in U, we conclude that E = in U. 
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Let q G U. Choose an orthonormal frame at q so that the second funda- 
mental form is diagonalized, = \5ij. E 2 = implies 

hjji = hkki, for all j ^ i, k ^ i. 

Combining with the minimal condition, we have 

hm = -{n - l)hjji, for all j ^ i. (3.9) 



Since |V|A|| 7^ 0, then there exist i and j 7^ i such that hj j oio 7^ hence 
hi i i 7^ 0. Suppose for simplicity that i = 1. 
E3 = implies 

hahjjk = hjjhuk, for all i,j,k, 

then 

huhjji = hjjhm = — (n — l)hjjhjji, for all j 7^ 1, 

by (J33D. So 

h u = -(n - 1)^-, for all j 7^ 1 (3.10) 

because —(n — l)hjji = hm 7^ 0. Hence the eigenvalues of are A with 
multiplicity n — 1 and — (n — 1)A with A 7^ because |A| > 0. Hence in 
a neighborhood of of p the eigenvalues of hij are of this form. By a result 
of do Carmo and Dajczer [dCDj Corollary 4.4], this neighborhood is part of 
a catenoid. Hence $(M) is contained in a catenoid C by minimality of the 
immersion. Since M is complete and $ is a local isometry into the catenoid 
C which is simply connected because n > 3, $ must be an embedding, see 
Spl p.330]. Hence $(M) is the catenoid. □ 



4 --stability and catenoid 

In this section, we will prove that a complete immersed minimal hypersurface 
in n > 3 is a catenoid if it is --stable and if the second fundamental 

form satisfies some decay conditions. We will also discuss the case when the 
minimal hypersurface is area minimizing outside a compact set. 

Following [SSY], let M be a complete immersed minimal hypersurface in 
M n+1 , n > 3. Assume there is a Lipschitz function r(x) defined on M such 
that |Vr| < 1 a.e. Define B(R) for < R < 00 by 

B(R) = {xE M\ r{x) < R}. 
10 



Assume also that B(R) is compact for all R and M = \J R>0 B(R). For 
example, B(R) may be an intrinsic geodesic ball or the intersection of an 
extrinsic ball with M. In the later case, we assume that M is proper. 

Theorem 4.1 Let M n (n > 3) be a --stable complete immersed minimal 
hypersurface in R n+1 . If 

I f 2(n-2) 

lim — / \A\—=0, (4.1) 



R^+oo R 2 



B(2R)\B{R) 



then M is either a plane or a catenoid. 

Proof : For any e > 0, let u := (\A\ 2 + e) 2 , where a = Then at the 

point \A\ > 0, 

Au = u (Alogw + |Vlogti| 2 ) 

au f A\A\ 2 \V\A\ 2 \ 2 \ + ua 2 \\7\A\ 2 \ 2 



2 Vl^l 2 + e (\A\ 2 + e) 2 J 4 (\A\ 2 + e) 2 

f±A\A\ 2 , \A\ 2 \V\A\\ 2 \ 
aU [WT-e + ia - 2 \\A\ 2 + e) 2 ) (4.2) 
a u ((2-a )M ^-\A\* + E + {a _ 2) \A m A\\ 



2 + e) 2 



, auE 
> -aulAr + 



\A\ 2 + t 



where we have used (11.21) and E = E\ + E2 + E% > 0. If we extend E to be 
zero for \A\ = 0, then it is easy to see that the above inequality is still true. 
On the other hand, for any function G C^°(M), 

/ ^T^T < [ <P 2 u(Au + a\A\ 2 u) 
Jm \ a \ + e Jm 

= - [ 2 |Vw| 2 — 2 f 0m(Vm,V0)+ I a\A\ 2 (t) 2 u 2 
Jm Jm Jm 

< -2 f 0«(Vm,V0)- / 4> 2 \Vu\ 2 + [ |V(</m)| 2 
Jm Jm Jm 

|V0|V. (4.3) 

M 
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Here we have used ( II. 2p . Let be a smooth function on [0, oo) such that 
(j) > 0, <p = 1 on [0, R] and <fi = in [2R, oo) with |0'| < ~. Then consider 
<fi or, where r is the function in the definition of B(R). 

f ,o OlUE f , 2 , o v 4 /" 2(n-2) 

/ ^TJWT7- <P 2 u{^u + a\A\ 2 u)<— — 

Vfi(il) | -A | + e JB(fl) -K JB(2R)\B{R) 

(4.4) 

Let e — > and then let i? — > +oo, we conclude that i? = whenever \A\ > 0. 
Thus the Simons' inequality becomes equality on \A\ > 0. By Theorem 13.11 
we know that it is a catenoid. 

Remark 1 It should be remarked that UTlty is satisfied when M is a catenoid. 
In fact, using notation in the Definition \2.1[ the metric is of the form 

g = (l + (f)' 2 )ds 2 + 4> 2 g§n-i. 

Hence the distance function is of order (p. By \2.1$ , \A\ is of order <j)~ n . The 
volume of geodesic ball of radius r ~ (j) is of order (fi n . From this it is easy to 
see that \4-l\j is true for n > 3. 

We say that M has least area outside a compact set (see |SSYj . p. 283]), 
if (i) M is proper; and (ii) M is the boundary of some open set U in R ra+1 
and there is Rq > such that for any open set O in R™ +1 with OC\B(Ro) = 
we have \dU D 0\ < \dO n U\. Here -8(^0) is the extrinsic ball in lR n+1 with 
center at the origin. If this is true, then M is stable outside a compact set 
and if r is the extrinsic distance, then 



\B{AR) \ B{\r)\ < \dB{AR)\ + \dB{]-R)\ < CR n 



if R is large. 



Corollary 4.1 Let M n , n > 3 be a --stable complete proper immersed min- 
imal hypersurface in M n+1 . If M has least area outside a compact set and 



M 



\A\ P < 00, (4.5) 
for some 2 ^ n ~ 2 ^ < p < 2 then M is either a plane or a catenoid. 
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(4.6) 



Proof : Suppose \A\ satisfies ( 14. 5p . Since 2 ^ n 2 ' < p < 2, we have: 

ir 2 / \a\*^< cr~ 2 ( [ \aA ^ jr- 2 ^ 

JB(2R)\B(R) \Jm J 

2(n-2) 

=c(y iV) pn i? (n - 2)(i -i } - o 

as — > oo. The result follows from Theorem 14.11 □ 

By [3c], the only nonflat complete minimal immersions of M n C R ra+1 , 
which are regular at infinity and have two ends, are the catenoids. By the 
corollary, we have the following: 

Corollary 4.2 A nonflat complete minimal immersion of M n C M™ +1 with 
n > 3, which are regular at infinity and has more than two ends, is not 
--stable. 
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